In this paper, we compute the special values of L-functions at s = 1 of some theta products of weight 3, and express them in terms of special values of generalized hypergeometric functions.
Introduction and Main Results
For a modular form f of weight k with the q-expansion f (q) = ∞ n=1 a n q n , we define its L-function L(f, s) by L(f, s) := ∞ n=1 a n n s , Re(s) > k + 1.
It is well-known (cf. [12] ) that L(f, s) has meromorphic continuation to C, and satisfies a functional equation under s ↔ k − s. In this paper, we consider Lfunctions of modular forms which are products of the Jacobi theta series θ 2 (q), θ 3 (q), θ 4 (q) (these are modular forms of weight 1/2) or the Borwein theta series a(q), b(q), c(q) (these are modular forms of weight 1). For the definitions of these theta series, see section 2 and 3 respectively. In 2010s, for some modular forms, it was found that special values of Lfunctions can be expressed in terms of special values of generalized hypergeometric functions p+1 F p a 1 , a 2 , . . . , a p+1
where (a) n := Γ(a + n)/Γ(a) denotes the Pochhammer symbol. For example, 1. Otsubo [8] expressed L(f, 2) for some theta products f (q) of weight 2 in terms of 3 F 2 (1) by using his regulator formula and Bloch's theorem.
(1 − q n ) of weight 3 (resp. 4, 5) in terms of special values of generalized hypergeometric functions or the gamma function Γ(s) by an analytic method.
Note that all of these results are in the case of cusp forms.
In this paper, we compute L(f, 1) for theta products (not necessarily cusp forms) of weight 3, and express them in terms of special values of generalized hypergeometric functions.
Our main results are the following.
Theorem 1.
We have the following table. 
Here we normalized f (q) = ∞ n=1 a n q n so that a 1 = 1. We remark that, for theta products f (q) of weight 3 which are considered in [10, Theorem 5] , the values L(f, 2) (hence L(f, 1) by the functional equation) are expressed in terms of special values of the gamma function, not generalized hypergeometric functions. It is new that the values of L-functions at s = 1 of theta products of weight 3 are expressed in terms of special values of generalized hypergeometric functions.
Our strategy to compute L(f, 1) is the same as that used in [7] , [9] , [10] , [11] and [14] . For a modular form f (q) = ∞ n=1 a n q n and m ∈ Z ≧1 , the value
The case m = 1 is special since the logarithm in the integral above vanishes:
Since the Jacobi theta series and the Borwein theta series have connections with hypergeometric functions (see (2) and (3) below), we can reduce (1) to an integral of the form
.
Then, we obtain a hypergeometric evaluation of L(f, 1) after some computation. Finally, we remark that one of the results of Rogers-Wan-Zucker [10] 
Therefore, by Theorem 1 (iv), (xiv), we obtain L(f, 1) = Γ
This is the second last formula in [10, Theorem 5].
Proof of Theorem 1
We define the Jacobi theta series θ 2 (q), θ 3 (q) and θ 4 (q) by
These are many relations between θ 2 (q), θ 3 (q) and θ 4 (q). One of the most important relations is the Jacobi identity [4, p.35, (2. 
The former is [ 
By (1), we have
If we use (2), the integral above is equal to 1 16
Since generalized hypergeometric functions have the integral representation [13, p.108, (4.
we have
Note that this 3 F 2 reduces to a 2 F 1 . By Gauss' summation formula [13, p.28, (1.7.6)]
we obtain
Next we show the formula (v). Since we have
If we use (2) and the integral representation of generalized hypergeometric functions, we obtain .
Therefore we obtain the formula if we simplify this Γ-factor using the reflection formula and multiplication formula for Γ(s)
Similar computations lead to the remaining formulas. Note that we use the Watson summation formula for the formulas (xi), (xii) and (xv).
Proof of Theorem 2
We define the Borwein theta series a(q), b(q) and c(q) [5] , [6] by
where ω denotes a primitive 3rd root of unity. There are many relations analogous to those of the Jacobi theta series. For example, J.M. Borwein and P.B. Borwein proved [5] 
which is a cubic analogue of the Jacobi identity. Further, like the Jacobi theta series, the Borwein theta series have a connection with hypergeometric functions. Let α := c 3 (q)/a 3 (q). Note that we have 1 − α = b 3 (q)/a 3 (q) by the cubic identity above. Then we have
The former is [3, p.97, (2.26)], and the latter follows from the former and [1, p.87, Entry 30]).
Proof of Theorem 2. Like the cases of Jacobi products, Theorem 2 follows from (3). For example, the formula (i) follows from the following computations. By (1), we have
If we use (3), the integral above is equal to
By the integral representation of 3 F 2 (z), we obtain L(f, 1) = 1 9 Γ .
If we use the reflection formula to simplify the Γ-factor, we obtain the formula.
Similar computations lead to the formulas (ii) and (iii). Next we prove the formula (iv). Since we have a(q 3 ) = (a(q) + 2b(q))/3, c(q) = (a(q) − b(q))/3 [6, Lemma 2.1 (iii) and (2.1)], we obtain
. .
We have the cubic transformation [3, p.96, Theorem 2.3] 
